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Abstract

Finite difference operators approximating second derivatives and satisfying a summation by parts rule have been

derived for the fourth, sixth and eighth order case by using the symbolic mathematics software Maple. The operators

are based on the same norms as the corresponding approximations of the first derivative, which makes the construction

of stable approximations to general parabolic problems straightforward. The error analysis shows that the second

derivative approximation can be closed at the boundaries with an approximation two orders less accurate than the

internal scheme, and still preserve the internal accuracy.
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1. Introduction

High order accurate discretizations of the inviscid flux terms are often required in computational fluid

dynamics to efficiently capture the significant flow features, especially for transient problems

[5,7,10,13,15,16,20,23,24]. For applications that require the solution to the Navier–Stokes equations, e.g.

for separated or turbulent flows, it is essential to approximate the viscous fluxes accurately, too [25].

However, the second derivative terms have received little attention, especially concerning the stability issues

for high order approximations [1].

A desirable numerical method has the three main attributes high order of accuracy, simplicity, and stability.
Simplicity and high order of accuracy yield efficiency. Stability ensures that the numerical method is well-

behaved and that knowledge about the numerical errors are known. One way to obtain a simple, desirable

numerical method is to approximate the derivatives of the initial boundary value problem with high order
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accurate, central finite difference operators that satisfy a summation by parts (SBP) formula, and then use the

Simultaneous Approximation Term (SAT) method [3], for the implementation of the boundary conditions.

High order accurate SBP operators for the first derivative has previously been developed [11,12] and
refined [21]. To construct highly accurate and stable approximations of mixed hyperbolic–parabolic

problems, high order accurate SBP operators for the second derivative are required, too. For stability

reasons, the second derivative approximation must be based on the same norm as the SBP operators

approximating the first derivative. SBP operators for the second derivative, based on full norms, have

been constructed for the fourth and the sixth order case [4]. However, these operators did not have the

optimal SBP property (see Section 2.2). In this paper, we construct SBP operators for the fourth, sixth

and eighth order case based on both the full norms and the diagonal norms. In the full norm case, two

types of operators for each order of accuracy have been constructed. The first type are closed at the
boundary with stencils one order less accurate than the internal scheme, while the second type are closed

at the boundary with stencils two orders less accurate.

In Section 2, we discuss the SBP property for both the first and the second derivative and show the

construction procedure for the second derivative SBP operator. In Section 3, we analyze the accuracy

requirements. In Section 4, we present computations and additional analysis. In Section 5, we draw con-

clusions. In Appendix A, we briefly discuss second derivative operators and the wave equation. In Ap-

pendix B, we consider accuracy requirements for an incompletely parabolic system. In Appendixes C and

D, we present the diagonal norm operators and the corresponding full norm operators.
2. Construction of the second derivative

To describe the SBP property in detail, we need the following definitions. Let the inner product for real-

valued functions u; v 2 L2½a; b� be defined by ðu; vÞ ¼
R b
a uv dx and the corresponding norm kuk2 ¼ ðu; uÞ.

The domain (a6 x6 b) is discretized using N equidistant grid points,

xj ¼ aþ ðj� 1Þ h; j ¼ 1; 2 . . . ;N ; h ¼ b� a
N � 1

:

The numerical approximation at grid point xj is denoted vj, and the discrete solution vector
vT ¼ ½v0; v1; . . . ; vN �. We define an inner product for discrete real-valued vector-functions u; v 2 Rn by

ðu; vÞH ¼ uTHv, where H ¼ HT > 0, and a corresponding norm kvk2H ¼ vTHv. We will also use the matrices

and vectors

e0 ¼ ½1; 0; . . . ; 0�T; E0 ¼ diagð½1; 0; . . . ; 0�Þ;
eN ¼ ½0; . . . ; 0; 1�T; EN ¼ diagð½0; . . . ; 0; 1�Þ:

ð1Þ
2.1. The first derivative

An SBP operator mimic the behavior of the corresponding continuous operator with respect to the inner
product mentioned above. Consider the hyperbolic scalar equation ut þ ux ¼ 0 (excluding the boundary

condition). Note that ðu; utÞ þ ðut; uÞ ¼ ðd=dtÞkuk2. Integration by parts leads to

d

dt
kuk2 ¼ �ðu; uxÞ � ðux; uÞ ¼ �u2jba; ð2Þ

where we introduce the notation u2jba � u2ðx ¼ bÞ � u2ðx ¼ aÞ.
Consider the semidiscrete approximation vt þ D1v ¼ 0 of the equation. A difference operator D1 ¼ H�1Q

is an SBP operator if Qþ QT ¼ B, where
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B ¼ diagð�1; 0 . . . ; 0; 1Þ; ð3Þ
since this leads to

d

dt
kvk2H ¼ �ðv;H�1QvÞH � ðH�1Qv; vÞH ¼ �vTðQþ QTÞv ¼ v20 � v2N : ð4Þ

Eq. (4) is a discrete analog to the integration by parts (IBP) formula (2) in the continuous case.

An SBP operator gives a strict stable approximation for a Cauchy problem. Nevertheless, the SBP

property alone does not guarantee strict stability for an initial boundary value problem. Such problems

require a specific boundary treatment. Imposing the boundary condition explicitly, i.e., combining the
difference operator and the boundary operator into a modified operator, usually destroys the SBP property.

In general, this makes it impossible to obtain an energy estimate. This common procedure, the injection

method, may cause exponential growth of the solution [13,22].

The basic idea behind the Simultaneous Approximation Term (SAT) method [3] and the projection

method [18,19] is to impose the boundary conditions such that the SBP property is preserved and an energy

estimate can be obtained.

As an example of the simple, yet powerful SAT boundary procedure, we consider the hyperbolic scalar

equation

ut þ ux ¼ 0; 06 x6 1; tP 0; uð0; tÞ ¼ g0ðtÞ: ð5Þ
Integration by parts leads to

d

dt
kuk2 ¼ g20 � u2ðx ¼ 1Þ: ð6Þ

The discrete approximation of (5) using the SAT method for the boundary conditions is

vt þ H�1Qv ¼ �H�1sfE0v� e0g0ðtÞg; ð7Þ
where E0 and e0 are defined in (1).

The energy method in (7) leads to

d

dt
kvk2H ¼ s2

2s� 1
g20 � v2N � ð2s� 1Þ v0

�
� s
2s� 1

g0
�2

:

An energy estimate exist for s > 1=2. The choice s ¼ 1 yields

d

dt
kvk2H ¼ g20 � v2N � ðv0 � g0Þ2: ð8Þ

Eq. (8) is a discrete analog of the integration by parts formula (6) in the continuous case, where the extra

term ðv0 � g0Þ2 introduce a small additional damping. Artificial dissipation is not included but can be added

in a stable way, see Section 2.2.

There is a variety of SBP operators approximating o=ox to a certain accuracy, constructed with different

norms H [11,12,21]. With a diagonal norm, at most pth order accuracy can be achieved at the boundary,
where the internal accuracy is of order 2p. This will result in a ðp þ 1Þth order accurate approximation of

the original problem. With a full norm H (the upper and lower part of the norm consist of 2p by 2p blocks),

a ð2p � 1Þth order accurate boundary closure exist, which result in a ð2pÞth order accurate approximation

of the original problem. This is due to the fact that it is possible to lower the accuracy by one order at a

finite number of points and still obtain accuracy of order 2p [8].

2.2. The second derivative

For parabolic problems, we need an SBP operator for the second derivative. Consider the heat equation

ut ¼ uxx. Integration by parts leads to
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d

dt
kuk2 ¼ ðu; uxxÞ þ ðuxx; uÞ ¼ 2uuxjba � 2kuxk2: ð9Þ

We base the construction of an SBP operator D2 approximating o2=ox2 in Eq. (9). To fully mimic the IBP

property, we need D2 ¼ H�1ð�DT
1HD1 þ BSÞ, where D1 is a consistent approximation of o=ox, S includes an

approximation of the first derivative operator at the boundary, and B is given by (3). The energy method on

the semidiscrete approximation vt ¼ D2v leads to the discrete analog to the IBP formula (see (9)) in the

continuous case

d

dt
kvk2H ¼ ðv;D2vÞH þ ðD2v; vÞH ¼ 2vN ðSvÞN � 2v0ðSvÞ0 � 2kD1vk2H : ð10Þ

However, it is not necessary to fully mimic the IBP property to obtain an energy estimate. Consider the

difference operator H�1ð�Aþ BSÞ, approximating o2=ox2. The energy method leads to

d

dt
kvk2H ¼ 2vNðSvÞN � 2v0ðSvÞ0 � vTðAþ ATÞv: ð11Þ

To get an energy estimate it suffice that Aþ AT P 0, assuming that the boundary terms are correctly im-

plemented (see Section 3).

To distinguish between the different forms of the second derivative SBP operators we introduce the

following two definitions.

Definition 1. A difference operator H�1ð�Aþ BSÞ approximating o2=ox2 is a second derivative SBP oper-

ator if Aþ AT P 0, if S includes an approximation of the first derivative operator at the boundary, and B is
given by (3).

Definition 2. A difference operator H�1ð�Aþ BSÞ approximating o2=ox2 is a complete second derivative

SBP operator if it is an SBP operator and if A ¼ DT
1HD1, where D1 is a consistent approximation of o=ox.

In Appendix A we briefly consider the wave equation, which leads to yet another definition.

Remark. The SBP operators for the second derivative introduced in [4] does not have the optimal SBP

property, since Aþ AT� 0.

Our goal is, for a mixed hyperbolic–parabolic problems, to construct a difference operator that results in
an energy estimate. Then, the SBP operator approximating o2=ox2 must be constructed using the same

norm (H ) as the SBP operator approximating o=ox. To preserve global accuracy, the approximation of the

second derivative and the boundary derivative (Sv) must also be accurate enough (discussed further in

Section 3).

There are essentially two options for how to construct the SBP operator for the second derivative. The

first option is to construct a minimal width operator, which is the main consideration in this paper. The

second option is to use the first derivative operator D1 ¼ H�1Q twice, which we discuss in some detail

below.
Using the first derivative twice leads to H�1ð�DT

1HD1 þ BD1Þ, i.e., a complete second derivative SBP op-

erator (see Definition 2). For the full norm, this approach results in a boundary closure of order 2p � 2 and a

boundary derivative operator BS of order 2p � 1, where 2p is the internal order of accuracy. For the diagonal
norm, we obtain a boundary closure of order p � 1 and a boundary derivative operator BS of pth order.

Remark. To handle variable diffusion terms such as ðauxÞx, where a is non-constant, we could use the first

derivative approximation twice, i.e., form D1AD1, since this leads to a discrete analog to the IBP formula.
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Compared to the minimal width operator, using the first derivative twice has some drawbacks. Firstly,

the internal width of the scheme increases from 2p þ 1 to 4p þ 1. Secondly, the internal error constant is

2p þ 2 times larger. Finally, since the p-mode (the highest frequency that can exist on the grid) is not
modified (not ‘‘seen’’) with a centered, odd-order difference operator, like H�1Q, it also holds for the

product ðH�1QÞ2. This causes problems, since the p-mode is primarily responsible for the spurious oscil-

lations (causing the aliasing error) in the solution. One solution is to combine the first derivative operator

H�1Q with a special SBP-preserving artificial dissipation operator DI ¼ H�1R (see [15]) to construct an

upwind operator Dþ ¼ H�1ðQþ RÞ and a downwind operator D� ¼ H�1ðQ� RÞ, where R ¼ RT P 0. By

using these operators, we can construct an upwind-based SBP operator for the second derivate

DðuÞ
2 ¼ 1

2
ðDþD� þ D�DþÞ ¼ H�1ð�DT

1HD1 þ BD1Þ � H�1ðDITHDIÞ;

where the extra term �H�1ðDITHDIÞ introduce damping. Due to the construction of DI , this operator

efficiently ‘‘kills’’ the p-mode without destroying the accuracy of the method. This completes the discussion

on using the first derivative twice. We now continue with the minimal width operators.

2.3. The construction

This section briefly describes the construction of the second derivative SBP operators (see Definition 1).

Here, the accuracy and symmetry requirements on the second derivative operator are assumed given
(motivated later). The form of the operator is given by D2 ¼ H�1ð�Aþ BSÞ, where Aþ AT P 0, S is the

boundary derivative operator, and H is the norm given from the corresponding first derivative SBP op-

erator (D1 ¼ H�1Q). The requirement for minimal width (the same width and internal order of accuracy as

the corresponding first derivative approximation) implies a given interior scheme. It remains to find the

boundary modification such that:

• D2 is accurate enough at the boundaries,

• S is accurate enough, and

• Aþ AT P 0.
The accuracy at the boundary depends on the type of norm used. Let 2p denote the internal accuracy (or

design order) of the scheme. For the full norm, the first derivative approximation have a boundary closure

of order 2p � 1. However, as will be shown in Section 3, it is enough to close the boundaries of the second

derivative approximation with stencils of order 2p � 2 and use a boundary derivative approximation of

order 2p � 1, to preserve the design order of accuracy. For the diagonal norm, the first derivative SBP

operator is only pth order accurate at the first 2p boundary points, leading to less restrictive accuracy

requirements of the corresponding second derivative approximation. The structure of A is shown in Fig. 1.
A =

M

M

DCT CT

C

C

0

0

Fig. 1. The structure of A in the second derivative SBP operator.
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The bar is here defined as a permutation of both rows and columns, i.e

P ¼ P11 P12 P13
P21 P22 P23

� �
) �P ¼ P23 P22 P21

P13 P12 P11

� �
:

Here (see Fig. 1) M is a 2p � 2p matrix to be computed and

D ¼

d0 � � � dp
..
. . .

. . .
.

dp � � � d0 � � � dp
. .
. . .

. . .
.

dp � � � d0 � � � dp
. .
. . .

. ..
.

dp � � � d0

2666666666664

3777777777775

C ¼ C0 0 � � �
Cs 0 � � �

� �

Cs ¼

dp
dp�1 dp
..
. . .

.

d1 � � � � � � dp

26664
37775
; ð12Þ

where C0 is a p � p zero matrix. The middle part, h�1ðCTD�CTÞ, represents the interior scheme of the second

derivative SBP operator, i.e., the minimal width central scheme of order 2p. The boundary derivative

operator has the form

S ¼

�s1 � � � �sr 0 � � �
1

. .
.

1
� � � 0 sr � � � s1

266664
377775:

The order restriction on S leads to a linear relation between the unknowns si, i ¼ 1 . . . r. Note that a pth
order accurate first derivative approximation requires at least p þ 1 unknowns. The 2p first and last rows in

D2 ¼ H�1ð�Aþ BSÞ represent the boundary part of the second derivative operator, with the undetermined

coefficients coming from M and S. The order requirement on D2 leads to a linear equation system. If a

solution exist, the rest of the undetermined coefficients are tuned such that Aþ AT P 0.
To construct the diagonal norms-based second derivative SBP operators (see Definition 1), we make the

following assumptions. (1) Operators with pth order accuracy at the boundaries (the same accuracy as the

corresponding first derivative SBP operators) exist, (2) A ¼ AT, since a symmetric A is desirable (see Fig. 1

and Appendix A). Given these assumptions, we used the symbolic mathematics software Maple to con-

struct symmetric SBP operators (see Definition A.2) for the second, fourth, sixth and eighth order diagonal

norm (see Appendix C).

Due to the more demanding accuracy conditions, constructing second derivative SBP operators for the

full norm is more complicated. We assume that (1) there exist second derivative SBP operators of order
2p � 2 at the boundaries, and (2) S is ð2p � 1Þth order accurate. Under the assumption A ¼ AT, no solutions

could be found, even if we increased the size of M (see Fig. 1). But with a non-symmetric A, solutions exist
for the fourth, sixth and eighth order full norm (see Appendix D).

Tostudy theaccuracy requirements,wealsoconstructed fullnormSBPoperatorsoneordermoreaccurate than

the previous, i.e., with boundary closures of order 2p � 1 and ð2pÞth order accurate boundary derivatives [14].
3. Accuracy requirements

In this section the accuracy requirements of the difference approximations and the boundary approxi-

mations are analyzed by considering a parabolic problem. Consider the advection–diffusion equation
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ut þ aux ¼ �uxx; 06 x6 1; tP 0; uðx; 0Þ ¼ f ðxÞ;
auð0; tÞ þ uxð0; tÞ ¼ g0ðtÞ; buð1; tÞ þ uxð1; tÞ ¼ g1ðtÞ;

ð13Þ

where a; � > 0. The energy method applied to (13) leads to

d

dt
kuk2 ¼ �ðaþ 2�bÞ uð1; tÞ

�
� �

aþ 2�b
g1ðtÞ

�2

þ �2

aþ 2�b
g1ðtÞ2

þ ðaþ 2�aÞ uð0; tÞ
�

� �

aþ 2�a
g0ðtÞ

�2

� �2

aþ 2�a
g0ðtÞ2 � 2�kuxk2: ð14Þ

An energy estimate exists for

aþ 2�b > 0; aþ 2�a < 0: ð15Þ

The discrete approximation of (13) using the SAT method for the boundary conditions leads to

vt þ aH�1Qv ¼ �H�1ð�Aþ BSÞv� H�1s0 E0ðaIf þ SÞv� e0g0ðtÞg
� H�1s1 ENðbIf þ SÞv� eNg1ðtÞg; vð0Þ ¼ f ; ð16Þ

where E0, EN , e0 and eN are defined in (1). The energy method applied to (16) leads to

d

dt
kvk2H ¼ �ðaþ 2s1bÞ vN

�
� s1
aþ 2s1b

g1

�2

þ s21
aþ 2s1b

g21 þ ða� 2s0aÞ v0

�
� s0
a� 2s0a

g0

�2

� s20
a� 2s0a

g20 þ 2ðSvÞNð�� s1Þ � 2ðSvÞ0ð�þ s0Þ � 2�vTðAþ ATÞv:

An energy estimate (analog to the continuous case (14)) is obtained if Aþ AT P 0 (see Definition 1) and

s0 ¼ ��; s1 ¼ �: ð17Þ

We are interested in an estimate of the error. If we insert the true solution uðx; tÞ into the numerical scheme

(16) and subtract (16) we obtain the error equation

et ¼ Meþ T ; eð0Þ ¼ 0; ð18Þ

where

M ¼ H�1ð � aQþ �ð � Aþ BSÞ � s0E0ðaþ SÞ � s1ENðbþ SÞÞ:

In (18),

T ¼ ½OðhrÞ; . . . ;OðhrÞ;Oðh2pÞ; . . . ;Oðh2pÞ;OðhrÞ; . . . ;OðhrÞ�T ð19Þ

is the truncation error, with contributions from the approximation of the derivatives and the approxi-

mation of the boundary derivatives (Su) in the penalty terms. Note that r < 2p. If (15) and (17) hold the

semidiscrete approximation (18) will result in an energy estimate, which gives us an error estimate directly

by using the energy method in (18). However, due to the boundary error, this will result in the estimate

kek6OðhrÞ, which is not sharp.

To obtain an optimal error estimate, the error is split into two parts e ¼ ei þ eb, where the subscripts (i,b)
denotes the inner and the boundary points, respectively. The truncation error is divided correspondingly,

i.e., T ¼ Ti þ Tb, where
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Ti ¼ ½0; . . . ; 0;Oðh2pÞ; . . . ;Oðh2pÞ; 0; . . . ; 0�T;
Tb ¼ ½OðhrÞ; . . . ;OðhrÞ; 0; . . . ; 0;OðhrÞ; . . . ;OðhrÞ�T:

ð20Þ
Lemma 1. If (15) and (17) hold in (16), (18), then
keikH 6Oðh2pÞ: ð21Þ
Proof. The equation for the inner part of the error is given by (18), where e now denotes ei and T denotes Ti.
The energy method applied to (18) leads directly to
keikH 6
expðgt

2
Þffiffiffi

g
p kTikHð Þmaxð0;tÞ ¼ Oðh2pÞ;

(where g is a arbitrary positive constant) if (17) and (15) hold. h

To estimate eb, we use the Laplace transform technique [9]. Laplace transformation of (18), where only

eb is considered, leads to
s beb �M beb ¼ Tb: ð22Þ

In this case it is natural to multiply (22) by h2 and introduce ~s ¼ sh2, ~Tb ¼ h2Tb and ~M ¼ Mh2.

Remark. For a hyperbolic problem ~s ¼ sh, ~Tb ¼ hTb and ~M ¼ Mh, since this means that the coefficients in ~M
are of Oð1Þ. The analysis would otherwise follow the path shown below, see [8].

We now rewrite (22) as
P beb ¼ ~Tb; ð23Þ

where P ¼ ~sI � ~M (I is the identity matrix). An SBP operator (approximating either the first or the second

derivative), ð2pÞth order accurate in the interior, has two boundary blocks of size ð2p � 3pÞ, which we

denote P ðl;rÞ (where (l,r) denotes the left and the right boundary, respectively). Recall that ~Tb is zero in the

interior. The solution to (23) can be written as

ð bebÞj ¼ X2p
i¼1

rij
j
i ; ð24Þ

where ji, i ¼ 1; . . . ; 2p are given by solving the characteristic equation (determined by the internal difference

scheme) and the unknowns ri are determined by the remaining equations, corresponding to the boundary

blocks.

We seek conditions for which ri, i ¼ 1; . . . ; 2p are bounded and proportional to hrþ2, since this leads to

kebk ¼ Oðh2pÞ, which means that we can have r ¼ 2p � 2, and still obtain accuracy of order 2p.
We need exactly 2p equations to solve for the 2p unknowns ri. However, each boundary block P ðl;rÞ has

2p rows (i.e., 4p in total) and the set of equations must be reduced. Let
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êðlÞ1 � ½ðêbÞ1; . . . ; ðêbÞp�
T
; ~T ðlÞ

1 � ½ð~TbÞ1; . . . ; ð~TbÞp�
T
;

êðlÞ2 � ½ðêbÞpþ1; . . . ; ðêbÞ3p�
T
; ~T ðlÞ

2 � ½ð~TbÞpþ1; . . . ; ð~TbÞ2p�
T
;

êðrÞ1 � ½ðêbÞN�pþ1; . . . ; ðêbÞN �
T
; ~T ðrÞ

1 � ½ð~TbÞN�pþ1; . . . ; ð~TbÞN �
T
;

êðrÞ2 � ½ðêbÞN�3pþ1; . . . ; ðêbÞN�p�
T
; ~T ðrÞ

2 � ½ð~TbÞN�3pþ1; . . . ; ð~TbÞN�p�
T
;

and let

P ðlÞ ¼
P ðlÞ
11 P ðlÞ

12

P ðlÞ
21 P ðlÞ

22

" #
; P ðrÞ ¼

P ðrÞ
22 P ðrÞ

21

P ðrÞ
12 P ðrÞ

11

" #
; ð25Þ

where P ðl;rÞ
11 , P ðl;rÞ

21 are p � p-matrices and P ðl;rÞ
12 , P ðl;rÞ

22 are p � 2p-matrices. The 4p equations can be written as

P ðl;rÞ
11 êðl;rÞ1 þ P ðl;rÞ

12 êðl;rÞ2 ¼ ~T ðl;rÞ
1 ;

P ðl;rÞ
21 êðl;rÞ1 þ P ðl;rÞ

22 êðl;rÞ2 ¼ ~T ðl;rÞ
2 :

ð26Þ

If P ðl;rÞ
21 is non-singular (notice that P ðl;rÞ

21 is independent of ~s), (26) can be reduced to

Bðl;rÞêðl;rÞ2 ¼ fTf ðl;rÞ;
where

Bðl;rÞ ¼ P ðl;rÞ
12 � P ðl;rÞ

11 ðP ðl;rÞ
21 Þ�1P ðl;rÞ

22 ;fTf ðl;rÞ ¼ ~T ðl;rÞ
1 � P ðl;rÞ

11 ðP ðl;rÞ
21 Þ�1~T ðl;rÞ

2 :

This leads to a linear system of equations

Cð~sÞr ¼ fTf ; ð27Þ

wherefTf T ¼ ½fTf ðlÞ�T; ½fTf ðrÞ�Th i
and

Cð~sÞ ¼

P2p
i¼1 b

ðlÞ
1;ij

pþi
1 � � �

P2p
i¼1 b

ðlÞ
1;ij

pþi
2p

..

. ..
.P2p

i¼1 b
ðlÞ
p;ij

pþi
1 � � �

P2p
i¼1 b

ðlÞ
p;ij

pþi
2pP2p

i¼1 b
ðrÞ
1;ij

N�3pþi
1 � � �

P2p
i¼1 b

ðrÞ
1;ij

N�3pþi
2p

..

. ..
.P2p

i¼1 b
ðrÞ
p;ij

N�3pþi
1 � � �

P2p
i¼1 b

ðrÞ
p;ij

N�3pþi
2p

266666666666664

377777777777775
; r ¼

r1

..

.

r2p

2664
3775: ð28Þ
Remark. For a ð2pÞth order accurate method it is necessary to modify p equations close to the boundary.
The additional p equations required for the SBP operators make the reduction discussed above necessary.

Lemma 2. If Cð~sÞ in (27) is non-singular for Re ~sP 0, P ðl;rÞ
21 in (26) is non-singular and r ¼ 2p � 2, then

kebkH ¼ Oðh2pÞ: ð29Þ
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Proof. Multiplying (16) by h2 implies that the coefficients in ~M ¼ Mh2 (see (23)) are proportional to

ðc1 þ c2hÞ, where c1 and c2 are constants of order one. This means that the solution to (27) has terms

proportional to ðc1 þ c2hÞ
�1hrþ2 if Cð~sÞ 6¼ 0. If the grid size h is sufficiently small, ðc1 þ c2hÞ

�1 �
1=c1 � ðc2=c21Þh. Using Parsevals relation and relation (24) we obtain (29). h

Remark. Lemma 2 holds also for a hyperbolic problem if we replace r ¼ 2p � 2 with r ¼ 2p � 1.

We are now ready to tie everything together in the following proposition

Proposition 3.1. Consider the advection–diffusion equation (13) and the corresponding semidiscrete problem

(16). The error equation is given by (18), (19). If the estimates (21), (29) hold, then

kekH ¼ Oðh2pÞ: ð30Þ

Proof. The triangle inequality leads directly to (30). h

Proposition 3.1 states that a stable implementation of a parabolic problem satisfying Lemmas 1 and 2

allows us to: (i) use one order less accurate approximations, compared to the internal accuracy, of the

physical boundary conditions, (ii) close the first and the second derivative approximations with stencils that

are two orders less accurate than the internal scheme, and still maintain the design order of accuracy.
4. Computations and further analysis

4.1. A scalar hyperbolic–parabolic problems

To test the convergence rate of the semidiscrete approximation of advection–diffusion equation (13) we

choose an analytic solution to the Cauchy problem

u ¼ sinðwðx� ctÞÞe�bx; c > 0; w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � a2

p

2�
; b ¼ c� a

2�
; jcj > jaj: ð31Þ

To truncate the domain we introduce boundary conditions at x ¼ 0 and x ¼ 1. The convergence rate is

calculated as

q ¼ log10
ku� vh1kh
ku� vh2kh

� ��
log10

h1
h2

� �
; ð32Þ

where u is the analytic solution and vh1 the corresponding numerical solution with grid size h1. ku� vh1kh is
the l2 � error.

The convergence studies for the fourth and sixth order case are shown in Tables 1 and 2, where the

convective terms have been treated with one order less accurate boundary closures, compared to the in-

ternal accuracy. Two types of second derivative approximations have been tested for each order of accu-

racy. The first approximation is closed at the boundaries with stencils two orders less accurate, compared to

the internal accuracy. The second type is closed with one order less accurate approximations at the

boundaries, compared to the internal accuracy. For each computation we have included the case where the

stability conditions (17) are violated by choosing s0 ¼ ��=2, such that the energy estimate no longer holds.

In the computations presented in Tables 1–3 we have chosen a ¼ 1, c ¼ 2, � ¼ 0:1 and a ¼ 1, b ¼ 0 (see
(13)). The solutions are advanced in time using the standard fourth order Runge–Kutta method.

The error analysis requires that the numerical approximation results in an energy estimate. If we violate

(17) such that an energy estimate no longer exists, one order of accuracy is lost if the second derivative



Table 1

logðl2-errorÞ and convergence rate for the fourth order case, based on the block norm

N l2 q lv2 qv

(a) Second order boundary closurea

40 )4.31 )3.11
60 )5.06 4.14 )3.67 3.11

100 )5.98 4.09 )4.36 3.08

200 )7.20 4.04 )5.28 3.04

300 )7.91 4.02 )5.82 3.03

(b) Third order boundary closure

40 )4.24 )3.84
60 )4.97 4.09 )4.58 4.09

100 )5.89 4.06 )5.48 4.02

200 )7.11 4.04 )6.69 3.98

300 )7.82 4.02 )7.39 3.98

In the computations marked v, (17) is violated by choosing s0 ¼ ��=2.
aNote the loss of convergence.

Table 2

logðl2-errorÞ and convergence rate for the sixth order case, based on the block norm

N l2 q lv2 qv

(a) Fourth order boundary closurea

40 )5.80 )4.46
60 )6.84 5.75 )5.32 4.78

80 )7.58 5.86 )5.94 4.87

100 )8.16 5.98 )6.42 4.91

120 )8.66 6.27 )6.81 4.94

(b) Fifth order boundary closure

40 )5.73 )4.83
60 )6.75 5.68 )5.87 5.82

80 )7.49 5.79 )6.62 5.92

100 )8.06 5.86 )7.21 5.96

120 )8.54 5.92 )7.68 5.98

In the computations marked v, (17) is violated by choosing s0 ¼ ��=2.
aNote the loss of convergence.
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approximation is closed at the boundaries with two orders less accurate stencils, compared to the internal
accuracy. Table 3 shows the results for the fourth order diagonal norm case, where also the approximation

of the first derivative has a boundary closure two orders less accurate than the internal scheme.

The numerical study shows (indicated by the analysis in Section 3) that a difference approximation for a

parabolic problem retains the design order of accuracy if an energy estimate exists and

• two orders less accurate boundary closures are used, compared to the internal accuracy, for both the first

and the second derivative approximations;

• the physical boundary conditions are approximated with one order less accurate approximations, com-

pared to the internal accuracy.

Remark. By using a numerical algorithm we have verified that the conditions in Lemma 2 hold for the

semidiscrete approximations of (13), used in the convergence study (Tables 1–3).

One might suspect that the loss of accuracy (shown in Tables 1–3) could have something to do with an

instability in the method since the energy estimate is lost. But an eigenvalue analysis shows that the methods



Table 3

logðl2-errorÞ and convergence rate for the fourth order case, based on the diagonal norm, with second order boundary closure for both

the first and the second derivative approximations

N l2 q lv2 qv

40 )4.25 )2.59
60 )5.02 4.30 )3.13 3.01

100 )5.98 4.25 )3.81 3.01

200 )7.24 4.17 )4.72 3.01

300 )7.97 4.11 )5.25 3.00

In the computationsmarked v, (17) is violated by choosing s0 ¼ ��=2.Note the loss of convergence, right-hand side (columns 4 and 5).
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are stable and that the discrete spectrum converges to the continuous eigenvalues at the same rate as the l2-
error in Tables 1–3.

In [4] a similar convergence study was done for the nonlinear Burgers’ equation. The results for the

fourth order accurate case showed that a boundary closure with stencils of second order accuracy reduced

the overall convergence rate to third order. This motivated us to perform similar computations. The results

of that study (not presented here) agreed well with our previous computations for the linear advection–

diffusion problem, i.e., a boundary closure with stencils of second order accuracy yield an overall con-
vergence rate of fourth order. We also tuned the penalty parameters such that the stability conditions were

violated. This again resulted in an overall convergence rate of third order. The loss of accuracy in [4] could

possibly be due to an non-optimal choice of penalty parameters.

In Table 4, a convergence study for a hyperbolic problem (5) is presented. The results show, in agreement

with [8], that in order to preserve the internal accuracy of the scheme we must close the boundaries with at

most one order less accurate stencils.

4.2. An incompletely parabolic system

The results of the previous sections, i.e., the accuracy requirements on the boundary closures for par-

abolic and hyperbolic problems motivated us to investigate an incompletely parabolic system.

4.2.1. The continuous problem

Consider the incompletely parabolic system

ut þ Cux ¼ Duxx; ð33Þ
Table 4

logðl2-errorÞ and convergence rate for a hyperbolic problem

N l2 q

(a) Fourth order diagonal norm, second order boundary closure

40 )2.15
60 )2.70 3.05

100 )3.38 3.02

200 )4.29 3.01

300 )4.82 3.01

(b) Fourth order full norm, third order boundary closure

40 )2.77
60 )3.49 3.99

100 )4.38 3.96

200 )5.58 3.98

300 )6.29 3.98
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where

u ¼ uð1Þ

uð2Þ

� �
; C ¼ 1 1

1 �1

� �
; D ¼ 0 0

0 �

� �
; � > 0:

We consider (33) to be a model of the compressible Navier–Stokes equations. The energy method is used

to derive suitable boundary conditions. When characteristic boundary conditions are used for incomplete

parabolic systems (like the Navier–Stokes equations or Eq. (33)), there are some theoretical problems, see
[17]. The matrix C is symmetric with distinct eigenvalues and orthogonal eigenvectors. The diagonal form

of C is RTKR where

K ¼
ffiffiffi
2

p
0

0 �
ffiffiffi
2

p
� �

; R ¼

ffiffi
2

p
þ1ffiffiffiffiffiffiffiffiffiffi

4þ2
ffiffi
2

pp 1ffiffiffiffiffiffiffiffiffiffi
4þ2

ffiffi
2

pp

�
ffiffi
2

p
�1ffiffiffiffiffiffiffiffiffiffi

4�2
ffiffi
2

pp 1ffiffiffiffiffiffiffiffiffiffi
4�2

ffiffi
2

pp

24 35: ð34Þ

An equation on symmetric characteristic form is obtained by multiplying (33) by the matrix R. The result is

vt þ Kvx ¼ ~Dvxx; ð35Þ
where v ¼ Ru and

~D ¼ �

2
ffiffiffi
2

p
ffiffiffi
2

p
� 1 1

1
ffiffiffi
2

p
þ 1

� �
:

Artificial boundaries are introduced at x ¼ 0; 1 and the full problem becomes

vt þ Kvx ¼ ~Dvxx þ F ðx; tÞ; 06 x6 1; tP 0;

L0v ¼ g0ðtÞ; x ¼ 0; tP 0;

L1v ¼ g1ðtÞ; x ¼ 1; tP 0;

vðx; 0Þ ¼ f ðxÞ; 06 x6 1; t ¼ 0:

ð36Þ

In (36) L0, L1 are the boundary operators to be determined. For completeness we have also included a

forcing function F . The energy method on (36) leads to

d

dt
kvk2 ¼ BTx¼0 � BTx¼1 þ gkvk2 þ 1

g
kF k2 � 2

Z 1

0

vTx ~Dvx dx;

where g > 0 and

BT ¼ vTðKv� 2~DvxÞ ¼ ½v; vx�½Q�½v; vx�T; Q ¼ K �~D
�~D 0

� �
: ð37Þ

Tosimplify the analysisweconsiderhomogeneousboundaryconditions (g0 ¼ g1 ¼ 0).Toobtainawellposed

problem, BTx¼0 6 0 and BTx¼1 P 0 are required. The boundary terms (37) can be written in the following way:

BT ¼
X2

i¼1

k�1
i fðkivi � GiÞ2 � G2

i g; ð38Þ

where k1 ¼
ffiffiffi
2

p
, k2 ¼ �

ffiffiffi
2

p
and ½G1 G2�T ¼ ~Dvx. The number of boundary conditions at hand are given by

the eigenvalues of the matrix Q in (37). It can be shown that Q have two positive, one negative and one zero

eigenvalue. This implies that we have to specify two boundary conditions at x ¼ 0 and one boundary

condition at x ¼ 1. A maximally dissipative set of boundary conditions at x ¼ 0 are v1k1 � G1 ¼ 0, G2 ¼ 0

(since k1 > 0; k2 < 0). At x ¼ 1 we are only allowed to specify one boundary condition, and at first it seems
impossible to get BTx¼1 P 0. However, ~D is linearly dependent and G1 ¼ aG2 with a ¼

ffiffiffi
2

p
� 1. By choosing

v2k2 � G2 ¼ 0 as a boundary condition and use the relation G2 ¼ G1=a, we get BTx¼1 ¼ k�1
1 ððk1v1 � k2av2Þ2�

v22ða2k
2
2 þ k2k1ÞÞ > 0, since a2k22 þ k2k1 ¼ 2ðð

ffiffiffi
2

p
� 1Þ2 � 1Þ < 0. By applying the characteristic boundary

conditions we obtain the following energy estimate:
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d

dt
kvk2 ¼ vTX0vjx¼0 � vTX1vjx¼1 þ gkvk2 þ 1

g
kF k2 � 2

Z 1

0

vTx ~Dvx dx; ð39Þ

where the matrix X0 is negative definite and X1 is positive definite

X0 ¼
�k1 0
0 k2

� �
; X1 ¼

k1 �ak2
�ak2 �k2

� �
: ð40Þ
4.2.2. The semidiscrete problem

When analyzing system of equations it is convenient to introduce the Kronecker product,

C � D ¼
c0;0D � � � c0;q�1D

..

. ..
.

cp�1;0D � � � cp�1;q�1D

264
375;

where C is a p � q matrix and D is a m� n matrix. Two useful rules for the Kronecker product are

ðA� BÞðC � DÞ ¼ ðACÞ � ðBDÞ, and ðA� BÞT ¼ AT � BT.

Before we proceed by constructing the semidiscrete approximation we write the boundary operators (see

(36)) in matrix notation

L0 ¼ I0Kþ ðI1 � I0Þ~D
o

ox
;

L1 ¼ I1Kþ ðI0 � ðI2 þ aIRÞI1Þ~D
o

ox
;

ð41Þ

where

I0 ¼
1 0

0 0

� �
; I1 ¼

0 0

0 1

� �
; I2 ¼

1 0

0 1

� �
; IR ¼ 0 1

1 0

� �
:

Remark. In (41) we have included the discrete version of the relation G1 ¼ aG2, necessary for stability

reasons in the discrete case. The relation G1 ¼ aG2 is not a regular boundary condition, it can be considered

as a compability relation or a numerical boundary condition.

The corresponding boundary operators in the semidiscrete approximation become

�L0 ¼ I0K� E0 þ ðI1 � I0Þ~D� E0S;
�L1 ¼ I1K� EN þ ðI0 � ðI2 þ aIRÞI1Þ~D� ENS:

ð42Þ

Note that the matrix S corresponds to the boundary derivative operator (see Section 2.2). The SAT method

applied to (36) leads to

vt þ K
	

� H�1Q


v ¼ ~D

h
� H�1ð � Aþ BSÞ

i
vþ F þ R0 � H�1 �L0v

n
� g0 � e0

o
þ R1 � H�1 �L1v

n
� g1 � eN

o
vð0Þ ¼ f ;

ð43Þ

where vT ¼ ½vð1Þ0 ; vð1Þ1 ; . . . ; vð1ÞN ; vð2Þ0 ; vð2Þ1 ; . . . ; vð2ÞN �. E0, e0, EN and eN are defined in (1). The 2� 2-matrices R0

and R1 can be tuned in order to give a stable scheme.
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Applying the energy method by multiplying (43) by vTðI2 � HÞ, adding the transpose and making use of

Qþ QT ¼ B yields

d

dt
kvk2H 6 vT0 K½ þ 2R0I0K�v0 þ vTN ½ � Kþ 2R1I1K�vN � 2vT0 I2½ � R0ðI1 � I0Þ�~DðSvÞ0

þ 2vTN I2½ þ R1ðI0 � ðI2 þ aIRÞI1Þ�~DðSvÞN þ gkvk2H þ 1

g
kF k2H � vTð~D� ðAþ ATÞÞv; ð44Þ

where the notations vT0 ¼ ½vð1Þ0 ; vð2Þ0 �, vTN ¼ ½vð1ÞN ; vð2ÞN � have been used. I2 � R0ðI1 � I0Þ ¼ 0 and I2 þ R1ðI0�
ðI2 þ aIRÞI1Þ ¼ 0, i.e.,

R0 ¼
�1 0

0 1

� �
; R1 ¼

�1 a
0 1

� �
ð45Þ

is required to bound the energy. Inserting (45) into (44) yields

d

dt
kvk2H ¼ vT0X0v0 � vTNX1vN þ gkvk2H þ 1

g
kF k2H � vTð~D� ðAþ ATÞÞv: ð46Þ

The estimate (46) is an analog to the continuous energy estimate (39).

Remark. Without introducing the numerical boundary condition G1 ¼ aG2 at x ¼ 1, the relation

I2 þ R1ðI0 � ðI2 þ aIRÞI1Þ ¼ 0 changes to I2 � R1I1 ¼ 0, with no solution. Hence, the numerical boundary con-

ditionG1 ¼ aG2 is indeed necessary in order to get an energy estimate for the semidiscrete approximation of (36).

4.2.3. Numerical results

To test the accuracy of the approximation (43) of the incompletely parabolic system (36) we choose an

analytic solution

v ¼ � sinðwðx� ctÞÞe�bx

sinðwðxþ ctÞÞe�bx

� �
;

and modify f , F and the boundary data accordingly. The convergence studies for the fourth and sixth order

case are shown in Tables 5 and 6, where the convective terms have been treated with one order less accurate

boundary closures, compared to the internal order of accuracy. The viscous terms in the ð2pÞth order case

are closed at the boundaries with stencils of order 2p � 2 and 2p � 1, and the corresponding boundary

derivatives are approximated to ð2p � 1Þth and ð2pÞth order. Again we have included computations where
the stability conditions (45) are violated by choosing R0 ¼ 1=2diagð�1; 1Þ. In the computations presented in

Tables 5–7 we have chosen w ¼ 10, b ¼ 1, c ¼ 1, � ¼ 1. The solutions are advanced in time using the

standard fourth order Runge–Kutta method.

The numerical studies indicate that a difference approximation, with boundary closures two orders less

accurate for the approximation of the second derivative (the hyperbolic approximation has one order less

accurate boundary closures), and a physical boundary condition one order less accurate, compared to the

internal accuracy, maintains the design order of accuracy. If the stability condition (45) is violated, the

overall convergence rate is reduced by one order.
For the parabolic scalar equation we have shown that we can lower the accuracy by two orders, com-

pared to the internal scheme, also for the approximation of the first derivative. This is the case when using a

scheme based on the fourth order diagonal norm. However, for the incompletely parabolic system, the

results for the fourth order diagonal norm approximation (Table 7) show that a second order less accurate

boundary closure, compared to the internal scheme, for the approximation of the first derivative is not



Table 6

logðl2-errorÞ and convergence rate in the sixth order case, based on the block norm

N l2 q lv2 qv

(a) Fourth order boundary closurea

30 )4.75 )4.57
60 )6.66 6.20 )6.05 4.79

90 )7.72 5.94 )6.92 4.91

120 )8.48 6.01 )7.55 4.96

150 )9.07 6.00 )8.03 4.95

(b) Fifth order boundary closure

30 )4.76 )4.72
60 )6.66 6.16 )6.72 6.48

90 )7.72 5.93 )7.79 6.03

120 )8.48 6.02 )8.55 5.97

150 )9.07 6.05 )9.13 5.98

In the computations marked v, (45) is violated by choosing R0 ¼ 1=2diagð�1; 1Þ.
aNote the loss of convergence.

Table 5

logðl2-errorÞ and convergence rate in the fourth order case, based on the block norm

N l2 q lv2 qv

(a) Second order boundary closurea

30 )3.31 )3.26
60 )4.52 3.91 )4.25 3.24

90 )5.23 4.00 )4.81 3.10

120 )5.74 4.03 )5.19 3.05

150 )6.13 4.03 )5.49 3.03

(b) Third order boundary closure

30 )3.31 )3.27
60 )4.50 3.84 )4.43 3.76

90 )5.21 3.97 )5.12 3.88

120 )5.71 4.00 )5.61 3.91

150 )6.10 4.01 )6.00 3.93

In the computations marked v, (45) is violated by choosing R0 ¼ 1=2diagð�1; 1Þ.
aNote the loss of convergence.

Table 7

logðl2-errorÞ and convergence rate in the fourth order case, based on the diagonal norm, with second order boundary closure for both

the first and the second derivative approximations

N l2 q

30 )2.59
60 )3.61 3.33

90 )4.18 3.19

120 )4.58 3.13

150 )4.88 3.11

30 )2.60
60 )3.55 3.10

90 )4.10 3.05

120 )4.48 3.05

150 )4.78 3.04

In the computations marked v, (45) is violated by choosing R0 ¼ 1=2diagð�1; 1Þ.
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enough to maintain the accuracy of the internal scheme, even if (45) holds. In fact we can prove (see

Appendix B) the following proposition.

Proposition 4.1. Consider the incompletely parabolic system (33) with the boundary conditions (41) and the

corresponding semidiscrete problem (43). If Assumption B.2 holds, Lemma 2 holds for both the hyperbolic part

and the parabolic part of the error equation (see the remark in Appendix B)) and Lemma B.1 holds, then

kekH ¼ Oðh2pÞ: ð47Þ

We summarize the results for the incompletely parabolic system. The numerical studies indicate and it is
proven in Appendix B, that a difference approximation for an incompletely parabolic system retain the

design order of accuracy if an energy estimate exists and

• two orders less accurate boundary closures are used, compared to the internal accuracy, in the second

derivative approximations;

• one orders less accurate boundary closures are used, compared to the internal accuracy, in the first de-

rivative approximations;

• the physical boundary conditions are approximated with one order less accurate approximations, com-

pared to the internal accuracy.
5. Conclusions

The main objective was to construct second derivative approximations that combined the following

desirable properties:

• Stability for general parabolic and incompletely parabolic problems.

• High order of accuracy, preservation of the overall convergence rate.
• Maintaining simplicity of the numerical scheme.

To achieve the three properties above, we have constructed finite difference approximations for the

second derivative with the requirements: (i) They satisfy a summation by parts rule based on the same norm

as the existing first derivative SBP operator. (ii) They have a boundary closure which is at most two orders

lower, compared to the internal accuracy of the scheme. (iii) They are of minimal width in the interior, i.e.,

the same width as the corresponding first derivative approximation.

Accuracy requirements for hyperbolic, parabolic and incompletely parabolic problems were studied. The

error analysis showed and the numerical computations indicated that the second derivative operator can
be closed with boundary approximations two orders less accurate, compared to the design order of the

scheme, and still maintain the internal accuracy. One order less accurate approximations, compared to the

internal accuracy, of the physical boundary conditions were also allowed.

The numerical tests indicated that there is a close connection between the overall convergence rate and

the stability estimate. If the stability conditions were violated, the overall convergence rate was reduced by

one order when using a second derivative approximation with two orders less accurate boundary closures.
Appendix A. A remark on the wave equation

We briefly consider the wave equation, since it introduces an extra stability requirement on the SBP

operator (see also [2]). The energy method applied to the wave equation, utt ¼ uxx, leads to

d

dt
kutk2

�
þ kuxk2

�
¼ 2utuxj10:
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An energy estimate requires appropriate boundary conditions

auð0; tÞ þ uxð0; tÞ ¼ g0ðtÞ; buð1; tÞ þ uxð1; tÞ ¼ g1ðtÞ: ðA:1Þ
Assuming that g0 ¼ g1 ¼ 0, the energy method leads to

d

dt
kutk2

�
þ kuxk2 þ bu2ð1; tÞ � au2ð0; tÞ

�
¼ 0:

The problem has an energy estimate if

a6 0; bP 0: ðA:2Þ
The semidiscrete approximation of the wave equation is

vtt ¼ H�1ðAþ BSÞvþ slH�1E0ðaþ SÞvþ srH�1ENðbþ SÞv; ðA:3Þ
where the SAT method has been used to implement the (homogeneous) boundary conditions. E0 and EN are

defined in (1). By choosing the penalty parameters as,

sl ¼ 1; sr ¼ �1; ðA:4Þ
we end up with vtt ¼ �H�1ðAþ CÞv, where C ¼ �aE0 þ bEN ¼ CT. If (A.2) holds, C is positive semidefinite.

Lemma A.1. If (A.2) and (A.4) hold, (A.3) has a non-growing solution if A is symmetric and positive semi-

definite.

Proof. If (A.2) and (A.4) hold, (A.3) can be written vtt ¼ �H�1ðAþ CÞv, where C ¼ CT P 0. To guarantee a

non-growing solution, the eigenvalues of �H�1ðAþ CÞmust be non-positive and real. If A is symmetric and

positive semidefinite this is guaranteed, since the eigenvalue problem �H�1ðAþ CÞx ¼ kx can be written as
the symmetric-definite generalized eigen-problem �ðAþ CÞx ¼ kHx, for which it can be shown (see for ex-

ample [6]) that ki ¼ bi=hi, where bi are the eigenvalues to �ðAþ CÞ and hi are the eigenvalues to H . With

A ¼ AT P 0, bi 6 0 and real. Since H ¼ HT > 0, this implies that also ki 6 0 and real. h

Due to Lemma A.1 we introduce yet another definition (compare with Definitions 1 and 2).

Definition A.2. A difference operator H�1ð�Aþ BSÞ approximating o2=ox2 is said to be a symmetric second

derivative SBP operator if it is an SBP operator and if A ¼ AT.

Hence, symmetric second derivative SBP operators (see Definition A.2) guarantee stable semidiscrete

approximations to the wave equation, assuming that the boundary conditions are treated correctly.

Remark. The minimal width SBP operators in the full norm cases have non-symmetric A : s, which means
that H�1ðAþ CÞ might have eigenvalues with an imaginary part. However, the minimal width SBP oper-

ators in the diagonal norm cases are symmetric second derivative SBP operators.
Appendix B. Error analysis

The analysis is more transparent if we transform the problem (36) back to the original form (33). We

begin by transforming the boundary operators (41) back to the original variables, resulting in

~L0 ¼ I0RC þ ðI1 � I0ÞRD
o

ox
;

~L1 ¼ I1RC þ ðI0 � ðI2 þ aIRÞI1ÞRD
o

ox
:

ðB:1Þ
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The corresponding boundary operators in the semidiscrete approximation become

�~L0 ¼ I0RC � E0 þ ðI1 � I0ÞRD� E0S;
�~L1 ¼ I1RC � EN þ ðI0 � ðI2 þ aIRÞI1ÞRD� ENS:

ðB:2Þ

The semidiscrete approximation is given by

ut þ C
	

� H�1Q


u ¼ D

	
� H�1ð � Aþ BSÞ



uþ F þ C0 � H�1 �~L0u

n
� g0 � e0

o
þ C1 � H�1 �~L1u

n
� g1 � eN

o
;

uð0Þ ¼ f ;

ðB:3Þ

where C0 and C1 are the transformed penalty matrices. The transformed stability conditions are

C0 ¼ RTR0; C1 ¼ RTR1; ðB:4Þ

where R0 and R1 are given in (45) and R is given in (34).

Only the second equation has contributions from the second derivative approximation. However, it is
not clear whether the first equation contain contributions from the boundary derivative approximations,

coming from the penalty terms. Before we proceed we note that

C0ðI0 � I1ÞRD ¼ �D;C0I0RC ¼ P ð0Þ;

C1ðI0 � ðI2 þ aIRÞI1ÞRD ¼ �D;C1I1RC ¼ P ð1Þ;

where

P ð0Þ ¼ � 1

2

ffiffiffi
2

p
þ 1 1

1
ffiffiffi
2

p
� 1

� �
; P ð1Þ ¼

ffiffiffi
2

p 0 0ffiffiffi
2

p
� 1 �1

� �
:

We are interested in the error ejðtÞ ¼ uðxj; tÞ � vjðtÞ and the error equation is given by

et �Me ¼ T ; ðB:5Þ

where

M ¼ H�1ðQ� P ð0Þ
1;1E0Þ H�1ðQ� P ð0Þ

1;2E0Þ
H�1ðQ� P ð0Þ

2;1E0 � P ð1Þ
2;1E1Þ M2;2

" #
;

M2;2 ¼ �H�1ðQþ P ð0Þ
2;2E0 þ P ð1Þ

2;2E1 � �ð�Aþ BSÞ � �E0S þ �E1SÞ;

T T ¼ ½T ð1Þ; T ð2Þ� is the truncation error, with contributions from the approximation of the derivatives and

the approximation of the boundary derivatives (Su) in the penalty terms. The structure of the problem

shows that only the block M2;2 contains the second and boundary derivative approximations. This means

that T ð1Þ will have contributions only from the first derivative approximation.

Remark. Note that eð1Þt �M1;1eð1Þ corresponds to the left-hand side of the error equation (18) emerging from

a stable approximation of ut þ ux ¼ 0 with u ¼ gðtÞ on the left boundary. Also note that eð2Þt �M2;2eð2Þ

corresponds to the left-hand side of the error equation (18) emerging from a stable approximation of the

advection–diffusion equation (13) with a ¼ �1, a ¼ 1�
ffiffi
2

p

2�
, b ¼

ffiffi
2

p

�
.
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As before we split the error and the truncation error into two parts, e ¼ ei þ eb and T ¼ Ti þ Tb. The
internal truncation error Ti is of order Oðh2pÞ. Ti and Tb have the structure shown in (20).

Lemma B.1. If (B.4) holds for the penalty matrices in (B.3), then
keikH 6Oðh2pÞ: ðB:6Þ
Proof. The energy method applied to the inner part of the error leads to

keikH 6
expðgt

2
Þffiffiffi

g
p kTikHð Þmaxð0;tÞ ¼ Oðh2pÞ

(where g is an arbitrary positive constant) if (B.4) holds. h

To estimate eb (to simplify notation we skip the subscripts in eb and Tb) we use the Laplace transform
technique, i.e.

ðS � IN Þê�Mê ¼ T ; ðB:7Þ

where ê ¼ ½êð1Þ; êð2Þ�T, S ¼ diagðs; sÞ and IN is the identity matrix. We multiply (B.7) by ðdiagðh; h2Þ � IN Þ and
end up with

P ê ¼ ~T ; ðB:8Þ

where P ¼ ð~S � IN � ~MÞ, ~S ¼ diagðsh; sh2Þ ¼ diagð~s;~~sÞ and ~T ¼ ½gT ð1Þ ; gT ð2Þ � ¼ ½hT ð1Þ; h2T ð2Þ�. Note that P2;1 is
of order OðhÞ.

Remark. A necessary requirement (as will be shown in proof of Proposition 4.1) in order to obtain a ð2pÞth
order accurate difference approximation of an incompletely parabolic system is that hT ð1Þ ¼ h2T ð2Þ ¼ Oðh2pÞ.
This shows that the first derivative approximation needs to be ð2p � 1Þth order accurate at the
boundaries, and that the second order derivative approximation needs to be ð2p � 2Þth order accurate at the
boundaries.

We need the following assumption.

Assumption B.2. The solution to (B.8) can be expanded in a power series, i.e.

ê ¼
X1
j¼0

êjhj: ðB:9Þ
Remark. In the following proof of Proposition 4.1, P1;1êð1Þ ¼ ~T ð1Þ (where ~T ð1Þ is of order Oðh2pÞ) will be
referred to as the hyperbolic part of the error equation since it corresponds to (23), emerging from a stable

approximation of (5). Similarly P2;2êð2Þ ¼ ~T ð2Þ (where ~T ð2Þ is of order Oðh2pÞ) will be referred to as the

parabolic part of the error equation since it corresponds to the error equation (23) emerging from a stable
approximation of the advection–diffusion equation (13) with a ¼ �1, a ¼ 1�

ffiffi
2

p

2�
, b ¼

ffiffi
2

p

�
.

In the following proof, we consider the original form (33) of the system, i.e., with the boundary operators

(B.1) and the corresponding semidiscrete problem (B.3).
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Proof of Proposition 4.1. By inserting (B.9) in (B.8), and denoting P2;1 ¼ h~P2;1 we get

P1;1 P1;2
0 P2;2

� �
êð1Þ0

êð2Þ0

" #
¼

~T ð1Þ

~T ð2Þ

" #
ðB:10Þ

for the leading order terms (i.e., êð1Þ0 and êð2Þ0 ).

Remark. Note that ~T in (B.8) is of Oðh2pÞ, and that the leading order terms in fact are of order 2p. This is
only a matter of normalization.

The equations for the higher order terms are given by the following recursion formula:

P1;1 P1;2
0 P2;2

� �
êð1Þp

êð2Þp

24 35 ¼ 0

�~P2;1ê
ð1Þ
p�1

� �
; p ¼ 1; 2; . . . ðB:11Þ

This indicates that (B.9) is a reasonable assumption.

The second row in (B.10) yields P2;2ê
ð2Þ
0 ¼ ~T ð2Þ. Recall that ~T ð2Þ is zero in the interior. If Lemma 2 holds

for the parabolic part, then êð2Þ0 ¼ Oðh2pÞ. By using Parsevals relation we obtain eð2Þb ðtÞ ¼ Oðh2pÞ (here the

subscript b is reintroduced to elucidate that we only include the boundary part). From (B.6) we obtain

eð2ÞðtÞ ¼ eð2Þi þ eð2Þb ¼ Oðh2pÞ.
We now return to the error Eq. (B.5) and consider the first row, eð1Þt �M1;1eð1Þ ¼ M1;2eð2Þ þ T ð1Þ. Note that

eð1Þ; eð2Þ and T ð1Þ now include both the interior and the boundary parts. Since eð2Þ is estimated we can in-
troduce �T ð1Þ ¼ M1;2eð2Þ þ T ð1Þ as a modified truncation error, i.e., eð1Þt �M1;1eð1Þ ¼ �T ð1Þ, where �T ð1Þ has the

structure of (19) with r ¼ 2p � 1. Again the error and the truncation error are split into two parts

eð1Þ ¼ eð1Þi þ eð1Þb and �T ð1Þ ¼ �T ð1Þ
i þ �T ð1Þ

b , where the internal truncation error �T ð1Þ
i is of order Oðh2pÞ. Since

eð1Þt �M1;1eð1Þ ¼ �T ð1Þ corresponds to the error equation emerging from a stable approximation of ut þ ux ¼ 0

with u ¼ gðtÞ on the left boundary, the energy estimate leads to keð1Þi kH 6Oðh2pÞ.
To estimate eð1Þb we again use the Laplace transform technique, which leads to P1;1ê

ð1Þ
b ¼ h�T ð1Þ

b (where h�T ð1Þ
b

is of order Oðh2pÞ). If Lemma 2 holds for the hyperbolic part, then êð1Þb ¼ Oðh2pÞ and we obtain

eð1ÞðtÞ ¼ eð1Þi þ eð1Þb ¼ Oðh2pÞ. This completes the proof. h
Appendix C. Diagonal norms

We now present the SBP operators used in the analysis, based on diagonal norms. We consider second,

third, fourth and fifth order accurate finite difference approximations.

C.1. First order accuracy at the boundary

The discrete norm H and the discrete second order accurate SBP operator H�1Q approximating d
dx are

given by

H ¼ h

1
2

1

. .
.

1
1
2

2666664

3777775; H�1Q ¼ 1

h

�1 1

� 1
2

0 1
2

. .
. . .

. . .
.

� 1
2

0 1
2

�1 1

2666664

3777775:

The discrete second order accurate SBP operator D2 ¼ H�1ð�Aþ BSÞ approximating d2

dx2 and the boundary

derivative operator BS are given by
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D2 ¼
1

h2

1 �2 1

1 �2 1

. .
. . .

. . .
.

1 �2 1

1 �2 1

266664
377775; BS ¼ 1

h

3
2

�2 1
2

1

. .
.

1
1
2

�2 3
2

2666664

3777775:
C.2. Second order accuracy at the boundary
The discrete norm H is defined as

H ¼ h

17
48

59
48

43
48

49
48

1

. .
.

26666664

37777775:

The discrete difference SBP operator approximating d
dx we denote D1 ¼ H�1Q.

D1 ¼
1

h

� 24
17

59
34

� 4
17

� 3
34

0 0 0

� 1
2

0 1
2

0 0 0 0

4
43

� 59
86

0 59
86

� 4
43

0 0

3
98

0 � 59
98

0 32
49

� 4
49

0

0 0 1
12

� 2
3

0 2
3

� 1
12

. .
. . .

. . .
. . .

. . .
.

2666666666664

3777777777775
:

The discrete fourth order accurate SBP operator D2 ¼ H�1ð�Aþ BSÞ approximating d2

dx2 is given by

D2 ¼
1

h2

2 �5 4 �1 0 0 0

1 �2 1 0 0 0 0

� 4
43

59
43

� 110
43

59
43

� 4
43

0 0

� 1
49

0 59
49

� 118
49

64
49

� 4
49

0

0 0 � 1
12

4
3

� 5
2

4
3

1
12

. .
. . .

. . .
. . .

. . .
.

2666666666664

3777777777775
;

and the third order accurate boundary derivative operator BS is given by,

BS ¼ 1

h

11
6

�3 3
2

� 1
3

0

. .
.

0

� 1
3

3
2

�3 11
6

2666664

3777775:
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C.3. Third order accuracy at the boundary

The discrete norm H is defined as

H ¼ h

13649
43200

12013
8640

2711
4320

5359
4320

7877
8640

43801
43200

1

. .
.

266666666664

377777777775
:

The discrete difference operator approximating d
dx we denote (here) D1 ¼ H�1Q, obeying our wanted SBP

property

D1 ¼ 1

h

� 21600
13649

104009
54596

30443
81894

� 33311
27298

16863
27298

� 15025
163788

0 0 0 0

� 104009
240260

0 � 311
72078

20229
24026

� 24337
48052

36661
360390

0 0 0 0

� 30443
162660

311
32532

0 � 11155
16266

41287
32532

� 21999
54220

0 0 0 0

33311
107180

� 20229
21436

485
1398

0 4147
21436

25427
321540

72
5359

0 0 0

� 16863
78770

24337
31508

� 41287
47262

� 4147
15754

0 342523
472620

� 1296
7877

144
7877

0 0

15025
525612

� 36661
262806

21999
87602

� 25427
262806

� 342523
525612

0 32400
43801

� 6480
43801

720
43801

0

0 0 0 � 1
60

3
20

� 3
4

0 3
4

� 3
20

1
60

. .
. . .

. . .
. . .

.

2666666666666666664

3777777777777777775

:

The discrete difference operator approximating d2

dx2 obeying our wanted SBP property is written

D2 ¼ H�1ð�Aþ BSÞ, where A ¼ AT
6 0. The interior stencil is the standard sixth order accurate central

scheme h2ðD2vÞj ¼ 1
90
vj�3 � 3

20
vj�2 þ 3

2
vj�1 � 49

18
vj þ 3

2
vjþ1 � 3

120
vjþ2 þ 1

90
vjþ3. At the boundary the operator

becomes
D2 ¼ 1

h2

114170
40947

� 438107
54596

336409
40947

� 276997
81894

3747
13649

21035
163788

0 0 0 0

6173
5860

� 2066
879

3283
1758

� 303
293

2111
3516

� 601
4395

0 0 0 0

� 52391
81330

134603
32532

� 21982
2711

112915
16266

� 46969
16266

30409
54220

0 0 0 0

68603
321540

� 12423
10718

112915
32154

� 75934
16077

53369
21436

� 54899
160770

48
5359

0 0 0

� 7053
39385

86551
94524

� 46969
23631

53369
15754

� 87904
23631

820271
472620

� 1296
7877

96
7877

0 0

21035
525612

� 24641
131403

30409
87602

� 54899
131403

820271
525612

� 117600
43801

64800
43801

� 6480
43801

480
43801

0

0 0 0 1
90

� 3
20

3=2 � 49
18

3=2 � 3
20

1
90

. .
. . .

. . .
. . .

.

2666666666666666664

3777777777777777775

and the boundary derivative operator of fourth order accuracy is
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BS ¼ 1

h

25
12

�4 3 � 4
3

1
4

0

. .
.

0
1
4

� 4
3

3 �4 25
12

2666664

3777775:

C.4. Fourth order accuracy at the boundary

The discrete difference operator approximating d
dx we denote (here) D1 ¼ H�1Q, obeying our wanted SBP

property
D11;1 ¼
�2540160

1498139
D13;1 ¼

�66264997

8719620
D15;1 ¼

�20708767

2096689
D17;1 ¼

�27390659

56287644

D11;2 ¼
5544277

5992556
D13;2 ¼

9444709

415220
D15;2 ¼ 1

65990199

3594324
D17;2 ¼

7568311

2680364

D11;3 ¼
198794991

29962780

D13;3 ¼ 0
D15;3 ¼

�96962637

1198108
D17;3 ¼

�22524966

3350455

D11;4 ¼
�256916579

17977668
D13;4 ¼

�20335981

249132
D15;4 ¼

68748371

1198108
D17;4 ¼

66558305

8041092

D11;5 ¼
20708767

1498139
D13;5 ¼

32320879

249132

D15;5 ¼ 0
D17;5 ¼

�14054993

2680364

D11;6 ¼
�41004357

5992556
D13;6 ¼

�35518713

415220
D15;6 ¼

�27294549

1198108
D17;6 ¼

2084949

2680364

D11;7 ¼
27390659

17977668
D13;7 ¼

2502774

103805
D15;7 ¼

14054993

1198108

D17;7 ¼ 0

D11;8 ¼
�2323531

29962780
D13;8 ¼

�3177073

1743924
D15;8 ¼

�42678199

25160268
D17;8 ¼

70710683

93812740

D11;9 ¼ 0 D13;9 ¼ 0
D15;9 ¼

�2592

299527
D17;9 ¼

�145152

670091

D11;10 ¼ 0 D13;10 ¼ 0 D15;10 ¼ 0
D17;10 ¼

27648

670091

D11;11 ¼ 0 D13;11 ¼ 0 D15;11 ¼ 0
D17;11 ¼ � 2592

670091



D11;12 ¼ 0 D13;12 ¼ 0 D15;12 ¼ 0 D17;12 ¼ 0

D12;1 ¼
�5544277

31004596
D14;1 ¼

256916579

109619916
D16;1 ¼

13668119

8660148
D18;1 ¼

2323531

102554780

D12;2 ¼ 0
D14;2 ¼

�49607267

5219996
D16;2 ¼

�850651

103097
D18;2 ¼

�48319961

307664340

D12;3 ¼
�85002381

22146140
D14;3 ¼

61007943

5219996
D16;3 ¼

35518713

2061940
D18;3 ¼

9531219

20510956

D12;4 ¼
49607267

4429228

D14;4 ¼ 0
D16;4 ¼

�21696041

1237164
D18;4 ¼

�3870214

5127739

D12;5 ¼
�165990199

13287684
D14;5 ¼

�68748371

5219996
D16;5 ¼

9098183

1237164
D18;5 ¼

2246221

3238572

D12;6 ¼
7655859

1107307
D14;6 ¼

65088123

5219996

D16;6 ¼ 0
D18;6 ¼

�21360021

102554780

D12;7 ¼
�7568311

4429228
D14;7 ¼

�66558305

15659988
D16;7 ¼

�231661

412388
D18;7 ¼

�70710683

102554780

D12;8 ¼
48319961

465068940
D14;8 ¼

3870214

9134993
D16;8 ¼

7120007

43300740

D18;8 ¼ 0

D12;9 ¼ 0 D14;9 ¼ 0
D16;9 ¼

3072

103097
D18;9 ¼

4064256

5127739

D12;10 ¼ 0 D14;10 ¼ 0
D16;10 ¼

�288

103097
D18;10 ¼

�1016064

5127739

D12;11 ¼ 0 D14;11 ¼ 0 D16;11 ¼ 0
D18;11 ¼

193536

5127739

D12;12 ¼ 0 D14;12 ¼ 0 D16;12 ¼ 0
D18;12 ¼

�18144

5127739
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In the interior we have the eighth order accurate central operator

hðD1vÞj ¼
1

280
vj�4 �

4

105
vj�3 þ

1

5
vj�2 �

4

5
vj�1 þ

4

5
vjþ1 �

1

5
vjþ2 þ

4

105
vjþ3 �

1

280
vjþ4:
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The discrete difference operator approximating d2

dx2 obeying our wanted SBP property is written

D2 ¼ H�1ð�Aþ BSÞ, where A ¼ AT P 0. The interior stencil is the standard eight order accurate central

scheme

h2ðD2vÞj ¼ � 1

560
vj�4 þ

8

315
vj�3 �

1

5
vj�2 þ

8

5
vj�1 �

205

72
vj þ

8

5
vjþ1 �

1

5
vjþ2 þ

8

315
vjþ3 �

1

560
vjþ4:

At the boundary the operator becomes
D21;1 ¼
4870382994799

1358976868290
D23;1 ¼

7838984095

52731029988
D25;1 ¼

1455067816

21132528431
D27;1 ¼

�135555328849

8509847458140

D21;2 ¼
�893640087518

75498714905
D23;2 ¼

1168338040

5649753213
D25;2 ¼

�171562838

3018932633
D27;2 ¼

11904122576

101307707835

D21;3 ¼
926594825119

60398971924
D23;3 ¼

�88747895

144865467
D25;3 ¼

�43205598281

36227191596
D27;3 ¼

�5124426509

13507694378

D21;4 ¼
�1315109406200

135897686829
D23;4 ¼

423587231

627750357
D25;4 ¼

48242560214

9056797899
D27;4 ¼

43556319241

60784624701

D21;5 ¼
39126983272

15099742981
D23;5 ¼

�43205598281

22599012852
D25;5 ¼

�52276055645

6037865266
D27;5 ¼

�80321706377

81046166268

D21;6 ¼
12344491342

75498714905
D23;6 ¼

4876378562

1883251071
D25;6 ¼

57521587238

9056797899
D27;6 ¼

73790130002

33769235945

D21;7 ¼
�451560522577

2717953736580
D23;7 ¼

�5124426509

3766502142
D25;7 ¼

�80321706377

36227191596
D27;7 ¼

�950494905688

303923123505

D21;8 ¼ 0
D23;8 ¼

10496900965

39548272491
D25;8 ¼

8078087158

21132528431
D27;8 ¼

239073018673

141830790969

D21;9 ¼ 0 D23;9 ¼ 0
D25;9 ¼

�1296

299527
D27;9 ¼

�145152

670091

D21;10 ¼ 0 D23;10 ¼ 0 D25;10 ¼ 0
D27;10 ¼

18432

670091

D21;11 ¼ 0 D23;11 ¼ 0 D25;11 ¼ 0
D27;11 ¼

�1296

670091



D21;12 ¼ 0 D23;12 ¼ 0 D25;12 ¼ 0 D27;12 ¼ 0

D22;1 ¼
333806012194

390619153855
D24;1 ¼

�94978241528

828644350023
D26;1 ¼

10881504334

327321118845

D28;1 ¼ 0

D22;2 ¼
�154646272029

111605472530
D24;2 ¼

82699112501

157837019052
D26;2 ¼

�28244698346

140280479505
D28;2 ¼

�2598164715

206729925524

D22;3 ¼
1168338040

33481641759
D24;3 ¼

1270761693

13153084921
D26;3 ¼

4876378562

9352031967
D28;3 ¼

10496900965

155047444143

D22;4 ¼
82699112501

133926567036
D24;4 ¼

�167389605005

118377764289
D26;4 ¼

�10557998671

12469375956
D28;4 ¼

�44430275135

310094888286

D22;5 ¼
�171562838

11160547253
D24;5 ¼

48242560214

39459254763
D26;5 ¼

57521587238

28056095901
D28;5 ¼

425162482

2720130599

D22;6 ¼
�28244698346

167408208795
D24;6 ¼

�31673996013

52612339684
D26;6 ¼

�278531401019

93520319670
D28;6 ¼

�137529995233

620189776572

D22;7 ¼
11904122576

167408208795
D24;7 ¼

43556319241

118377764289
D26;7 ¼

73790130002

46760159835
D28;7 ¼

239073018673

155047444143

D22;8 ¼
�2598164715

312495323084
D24;8 ¼

�44430275135

552429566682
D26;8 ¼

�137529995233

785570685228
D28;8 ¼

�144648000000

51682481381

D22;9 ¼ 0 D24;9 ¼ 0
D26;9 ¼

2048

103097
D28;9 ¼

8128512

5127739

D22;10 ¼ 0 D24;10 ¼ 0
D26;10 ¼

�144

103097
D28;10 ¼

�1016064

5127739

D22;11 ¼ 0 D24;11 ¼ 0 D26;11 ¼ 0
D28;11 ¼

129024

5127739

D22;12 ¼ 0 D24;12 ¼ 0 D26;12 ¼ 0
D28;12 ¼

�9072

5127739
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and the boundary derivative operator of fifth order accuracy
BS ¼ 1

h

4723
2100

� 839
175

157
35

� 278
105

103
140

1
175

� 6
175

0

. .
.

0
� 6

175
1
175

103
140

� 278
105

157
35

� 839
175

4723
2100

2666664

3777775:
The discrete norm H is defined as
H1;1 ¼
1498139

5080320
H3;3 ¼

20761

80640
H5;5 ¼

299527

725760
H7;7 ¼

670091

725760

H2;2 ¼
1107307

725760
H4;4 ¼

1304999

725760
H6;6 ¼

103097

80640
H8;8 ¼

5127739

5080320
Appendix D. Full norms

We now present the SBP operators used in the analysis, based on full norms. We consider fourth, sixth

and eighth order accurate finite difference approximations.
D.1. Fourth order accurate operators

We now present the specific form of the fourth order accurate operators used in the analysis. The discrete

norm H is defined as
r1 ¼ � 2177
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
295369

p
� 1166427

25488
; r2 ¼ 66195

ffiffiffiffiffi
53

p ffiffiffiffiffiffiffiffiffiffi
5573

p
� 35909375

101952
;

h11 ¼ � 216r2þ 2160r1� 2125

12960
; h23 ¼ 1836r2þ 14580r1þ 7295

2160
;

h12 ¼ 81r2þ 675r1þ 415

540
; h24 ¼ � 216r2þ 2160r1þ 655

4320
;

h13 ¼ � 72r2þ 720r1þ 445

1440
; h33 ¼ � 4104r2þ 32400r1þ 12785

4320
;

h14 ¼ � 108r2þ 756r1þ 421

1296
; h34 ¼ 81r2þ 675r1þ 335

540
;

h22 ¼ � 4104r2þ 32400r1þ 11225

4320
; h44 ¼ � 216r2þ 2160r1� 12085

12960
;
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2 3

h11 h12 h13 h14
H ¼ h

h21 h22 h23 h24

h31 h32 h33 h34

h41 h42 h43 h44

1

h44 h34 h24 h14

h34 h33 h23 h13

h24 h23 h22 h12

h14 h13 h12 h11

666666666666666664

777777777777777775

:

The discrete fourth order accurate operator approximating d
dx is denoted H�1Q, obeying our wanted SBP

property
q11 ¼ � 1

2
;

q12 ¼ � 864r2þ 6480r1þ 305

4320
; q23 ¼ � 864r2þ 6480r1þ 2315

1440
;

q13 ¼ 216r2þ 1620r1þ 725

540
; q24 ¼ 108r2þ 810r1þ 415

270
;

q14 ¼ � 864r2þ 6480r1þ 3335

4320
; q34 ¼ � 864r2þ 6480r1þ 785

4320
;

Q ¼

q11 q12 q13 q14

�q12 q22 q23 q24

�q13 �q23 q33 q34 � 1
12

�q14 �q24 �q34 q44 2
3

� 1
12

1
12

� 2
3

0 2
3

� 1
12

1
12

� 2
3

q44 q34 q24 q14
1
12

�q34 q33 q23 q13

�q24 �q23 q22 q12

�q14 �q13 �q12 q11

26666666666666666664

37777777777777777775

:

The discrete difference operator approximating d2

dx2 obeying our wanted SBP property is written

H�1ð�Aþ BSÞ, here denoted D2, where Aþ AT P 0. The interior stencil is the standard fourth order ac-

curate central scheme

h2ðD2vÞj ¼ � 1

12
vj�3 þ

4

3
vj�1 �

5

2
vj þ

4

3
vjþ1 �

1

12
vjþ2:
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At the boundary the operator with a second order boundary closure becomes
D21;1¼2:D0 D22;3¼0:4451860342366326D0 D23;5¼�0:370366153552986D�2

D21;2 ¼ �5:D0 D22;4¼0:3889216118347602D0 D23;6¼�0:4126377895574793D�2

D21;3 ¼ 4:D0 D22;5¼�0:1115146289530765D0 D24;1¼�0:1972518376035006D�1

D21;4 ¼ �1:D0 D22;6¼0:5713690397754591D�2 D24;2¼�0:3132697803201818D�2

D21;5 ¼ 0:D0 D23;1¼�0:2020917311782903D�1 D24;3¼0:1209782628816308D1
D21;6 ¼ 0:D0 D23;2¼0:1076710314575741D1 D24;4¼�0:2413299862026212D1
D22;1¼0:9113401326379418D0 D23;3¼�0:2104749527124675D1 D24;5¼0:1308408547618058D1
D22;2¼�0:1639646840154013D1 D23;4¼0:1056078425097867D1 D24;6¼�0:8203343284460206D�1
and with a third order boundary derivative operator

BS ¼ 1

h

11
6

�3 3
2

� 1
3

0

. .
.

0

� 1
3

3
2

�3 11
6

2666664

3777775:

D.2. Sixth order accurate operators

We now present the specific form of the sixth order accurate operators used in the analysis. The discrete

norm H at the boundary is defined as
h11 ¼ � 14400 � r2þ 302400 � r1� 7420003

3:6288e7

h12 ¼ � 75600 � r3þ 1497600 � r2þ 11944800 � r1� 59330023

2:17728e7

h13 ¼ � 9450 � r3þ 202050 � r2þ 1776600 � r1� 7225847

340200:

h14 ¼ 900 � r2þ 18900 � r1� 649

226800:

h15 ¼ 86400 � r3þ 1828800 � r2þ 15854400 � r1� 66150023

3110400:

h16 ¼ 378000 � r3þ 7747200 � r2þ 65167200 � r1� 279318239

1:08864e8

h22 ¼ 302400 � r3þ 6091200 � r2þ 49896000 � r1� 210294289

7257600:



h23 ¼ 3780 � r3þ 82575 � r2þ 741825 � r1� 2991977

34020:

h24 ¼ 5400 � r3þ 104400 � r2þ 810000 � r1� 3756643

129600:

h25 ¼ � 529200 � r3þ 11107200 � r2þ 95508000 � r1� 400851749

2419200:

h26 ¼ 86400 � r3þ 1828800 � r2þ 15854400 � r1� 65966279

3110400:

h33 ¼ � 51300 � r3þ 1094400 � r2þ 9585000 � r1� 39593423

64800:

h34 ¼ 120960 � r3þ 2584800 � r2þ 22680000 � r1� 93310367

181440:

h35 ¼ 5400 � r3þ 104400 � r2þ 810000 � r1� 3766003

129600:

h36 ¼ 900 � r2þ 18900 � r1� 37217

226800:

h44 ¼ � 17100 � r3þ 364800 � r2þ 3195000 � r1� 13184701

21600:

h45 ¼ 3780 � r3þ 82575 � r2þ 741825 � r1� 2976857

34020:

h46 ¼ � 1890 � r3þ 40410 � r2þ 355320 � r1� 1458223

68040:

h55 ¼ 302400 � r3þ 6091200 � r2þ 49896000 � r1� 213056209

7257600:

h56 ¼ � 75600 � r3þ 1497600 � r2þ 11944800 � r1� 54185191

2:17728e7

h66 ¼ � 14400 � r2þ 302400 � r1� 36797603

3:6288e7
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where

r1 ¼ �3:6224891259957;

r2 ¼ 96:301901955532;

r3 ¼ �609:05813881563:

The discrete sixth order accurate operator approximating d
dx is denoted H�1Q, obeying our wanted SBP

property

Q ¼

q11 q12 q13 q14 q15 q16
�q12 q22 q23 q24 q25 q26
�q13 �q23 q33 q34 q35 q36
�q14 �q24 �q34 q44 q45 q46 q3
�q15 �q25 �q35 �q45 q55 q56 q2 q3
�q16 �q26 �q36 �q46 �q56 q66 q1 q2 q3

�q3 �q2 �q1 0 q1 q2 q3
. .
. . .

. . .
. . .

. . .
.

2666666666664

3777777777775
;

where
q1 ¼ 1

60

q2 ¼ 9

60

q3 ¼ 45

60

q11 ¼ �1:

2

q12 ¼ 415800 � r3þ 8604000 � r2þ 72954000 � r1� 283104553

3:26592e7

q13 ¼ 120960 � r3þ 2672640 � r2þ 24192000 � r1� 100358119

6531840:

q14 ¼ � 25200 � r3þ 542400 � r2þ 4788000 � r1� 19717139

403200:

q15 ¼ 604800 � r3þ 13363200 � r2þ 120960000 � r1� 485628701

3:26592e7



q16 ¼ 41580 � r3þ 860400 � r2þ 7295400 � r1� 31023481

3265920:

q22 ¼ 0

q23 ¼ � 9450000 � r3þ 200635200 � r2þ 1747116000: � r1� 7286801279:

3:26592e7

q24 ¼ 21168000 � r3þ 449049600 � r2þ 3907008000: � r1� 16231108387:

3:26592e7

q25 ¼ � 165375 � r3þ 3516300 � r2þ 30665250 � r1� 126996371

453600:

q26 ¼ 604800 � r3þ 13363200 � r2þ 120960000: � r1� 482536157

3:26592e7

q33 ¼ 0

q34 ¼ � 6993000 � r3þ 148096800 � r2þ 1286334000: � r1� 5353075351:

8164800:

q35 ¼ 21168000 � r3þ 449049600 � r2þ 3907008000: � r1� 16212561187:

3:26592e7

q36 ¼ � 75600 � r3þ 1627200 � r2þ 14364000 � r1� 58713721

1209600:

q44 ¼ 0

q45 ¼ � 9450000 � r3þ 200635200 � r2þ 1747116000: � r1� 7263657599:

3:26592e7

q46 ¼ 604800 � r3þ 13363200 � r2þ 120960000 � r1� 485920643

3:26592e7

q55 ¼ 0

q56 ¼ 415800 � r3þ 8604000 � r2þ 72954000 � r1� 286439017

3:26592e7

q66 ¼ 0
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The discrete difference operator approximating d2

dx2 obeying our wanted SBP property is written

D2 ¼ H�1ð�Aþ BSÞ, where Aþ AT P 0. The interior stencil is the standard sixth order accurate central

scheme
h2ðD2vÞj ¼
1

90
vj�3 �

3

20
vj�2 þ

3

2
vj�1 �

49

18
vj þ

3

2
vjþ1 �

3

120
vjþ2 þ

1

90
vjþ3:

At the boundary the operator with a fourth order boundary closure becomes
D21;1¼0:3548420602490798D1 D23;1¼�0:5393903966319141D�1 D25;1¼0:1623318041994786D�1

D21;2¼�0:1162385694827807D2 D23;2¼0:1153943542621719D1 D25;2¼�0:8794616833597996D�1

D21;3¼0:1480964237069501D2 D23;3¼�0:2040716873611299D1 D25;3¼0:103577624811612D0
D21;4¼�0:8968412049815223D1 D23;4¼0:698739734417074D0 D25;4¼0:114967901600216D1
D21;5¼0:2059642370694317D1 D23;5¼0:421429883414006D0 D25;5¼�0:2443599523155367D1
D21;6¼0:3761430517226221D0 D23;6¼�0:2262171762222378D0 D25;6¼0:1375113224609842D1
D21;7¼�0:2015793975095019D0 D23;7¼0:5090670369467911D�1 D25;7¼�0:1218565837960692D0
D21;8¼0:5117538641997827D�13 D23;8¼�0:4371323842747547D�2 D25;8¼0:8668492495883396D�2

D21;9¼�0:3386357570016522D�15 D23;9¼0:2245491919975288D�3 D25;9¼0:1307369479706344D�3

D22;1¼0:857883182233682D0 D24;1¼�0:2032638843942139D�1 D26;1¼�0:3185308684167192D�2

D22;2¼�0:1397247220064007D1 D24;2¼0:4181668262047738D�1 D26;2¼0:1943844988205038D�1

D22;3¼0:3461647289468133D�1 D24;3¼0:1009041221554696D1 D26;3¼�0:3865422059089032D�1

D22;4¼0:6763679122231971D0 D24;4¼�0:2044119911750601D1 D26;4¼�0:8123817099768654D�1

D22;5¼�0:1325900419870384D0 D24;5¼0:9609112011420257D0 D26;5¼0:1445296692538394D1
D22;6¼�0:6345391502339508D�1 D24;6¼0:9142374273488277D�1 D26;6¼�0:2697689107917306D1
D22;7¼0:244383001412735D�1 D24;7¼�0:4316909959745465D�1 D26;7¼0:1494463382995396D1
D22;8¼�0:2800316968929196D�4 D24;8¼0:4668725019017949D�2 D26;8¼�0:1495167135596915D0
D22;9¼0:1331275129575954D�4 D24;9¼�0:2461732836225921D�3 D26;9¼0:110849963339009D�1
and with a fifth order boundary derivative operator
BS ¼ 1

h

�ds1 �ds2 �ds3 �ds4 �ds5 �ds6 �ds7
0

. .
.

0

ds7 ds6 ds5 ds4 ds3 ds2 ds1

266664
377775

where
ds1 ¼
278586692617

123868739203
ds3 ¼ � 555639772335

123868739203
ds5 ¼ � 91132000935

123868739203
ds7 ¼

386084381

11260794473

ds2 ¼
593862126054

123868739203
ds4 ¼

327957232980

123868739203
ds6 ¼ � 707821338

123868739203
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D.3. Eight order accurate operators

We now present the specific form of the eighth order accurate operators used in the analysis. The discrete

norm H at the boundary is defined as
h1;1 ¼ :17278828151304213131 h3;6 ¼ �:86170509476217520096
h1;2 ¼ :26442559491473446335 h3;7 ¼ :23272822377785868580
h1;3 ¼ �:31178196884312775720 h3;8 ¼ �:27718561649605047808e� 1

h1;4 ¼ :30943600415290628943 h4;4 ¼ 4:5048009713827725943
h1;5 ¼ �:22687886379977231568 h4;5 ¼ �2:8194294132418145464
h1;6 ¼ :10699051704359999240 h4;6 ¼ 1:4139447698567646313
h1;7 ¼ �:29198436836537438395e� 1 h4;7 ¼ �:40168231609234325290
h1;8 ¼ :35313167405158916567e� 2 h4;8 ¼ :49803339945923016666e� 1

h2;2 ¼ 1:7526198409167495775 h5;5 ¼ 3:3650057528838514157
h2;3 ¼ �1:1935018761521814908 h5;6 ¼ �1:2261739857055893831
h2;4 ¼ 1:3954360831111377900 h5;7 ¼ :35734819363435995274
h2;5 ¼ �1:0175504328863858993 h5;8 ¼ �:45187886555639925953e� 1

h2;6 ¼ :47894397921583602822 h6;6 ¼ 1:6529897067349637657
h2;7 ¼ �:13175544973723205885 h6;7 ¼ �:19435314011455700920
h2;8 ¼ :16150503562667126340e� 1 h6;8 ¼ :24990727889886053755e� 1

h3;3 ¼ 2:9309103416555983901 h7;7 ¼ 1:0588289336073241051
h3;4 ¼ �2:4589576423781345782 h7;8 ¼ �:76680474804950146879e� 2

h3;5 ¼ 1:8303365981930377633 h8;8 ¼ 1:0010106996984233357
The discrete difference operator approximating d
dx we denote (here) D1 ¼ H�1Q, obeying our wanted SBP

property
D11;1¼�2:592857142857143d0 D13;9¼�0:0010055472165286575d0 D16;5¼�1:1039047461210942d0
D11;2¼7:0d0 D13;10¼3:8794759110886745d�4 D16;6¼0:27359438161151506d0
D11;3¼�10:500000000000002d0 D13;11¼�6:8704635776930775d�5 D16;7¼0:63460627616441168d0
D11;4¼11:66666666666667d0 D13;12¼5:0082327516880903d�6 D16;8¼�0:1334700237623892d0
D11;5¼�8:7500000000000053d0 D14;1¼�0:01374973021859196d0 D16;9¼0:020553664597517285d0
D11;6¼4:2000000000000064d0 D14;2¼0:13486302290702401d0 D16;10¼�5:2448374888321939d�4

D11;7¼�1:1666666666666703d0 D14;3¼�0:72696910885431376d0 D16;11¼�3:5364415168681655d�4

D11;8¼0:14285714285714438d0 D14;4¼0:017812686448076227d0 D16;12¼1:9848170711942382d�5

D11;9¼0: D14;5¼0:6393775076060112d0 D17;1¼0:0012022691922812573d0
D11;10¼0: D14;6¼0:022147920488592564d0 D17;2¼�0:0099404639226380095d0
D11;11¼0: D14;7¼�0:12565765302041595d0 D17;3¼0:039882284654387555d0
D11;12¼0: D14;8¼0:068585850834641665d0 D17;4¼�0:11500484724090931d0
D12;1¼�0:14298292410192714d0 D14;9¼�0:019233942555101392d0 D17;5¼0:30419289144259271d0
D12;2¼�1:4489927866116712d0 D14;10¼0:0031486152221289702d0 D17;6¼�0:89394403806786826d0
D12;3¼2:9964729239178829d0 D14;11¼�3:4332575058906574d�4 D17;7¼0:056932295488355524d0
D12;4¼�2:4929493873234359d0 D14;12¼1:8156892537446339d�5 D17;8¼0:77700125713081891d0
D12;5¼1:6578787083897146d0 D15;1¼0:0088862667686782706d0 D17;9¼�0:19389096736102715d0
D12;6¼�0:7430309325660327d0 D15;2¼�0:081997207069678529d0 D17;10¼0:037021801268937171d0
D12;7¼0:19660315690279093d0 D15;3¼0:36016066918405126d0 D17;11¼�0:0034453239617136533d0
D12;8¼�0:022921081922677878d0 D15;4¼�1:138622537383166d0 D17;12¼�7:1586232168436659d�6

D12;9¼�5:9765761149596457d�5 D15;5¼0:45753588027993108d0 D18;1¼�1:7018888206312392d�4



D12;10¼�2:086075830489387d�5 D15;6¼0:38914191081194799d0 D18;2¼0:001407457714362741d0
D12;11¼3:0132094578465812d�6 D15;7¼0:047353759946214852d0 D18;3¼�0:0051428241139400005d0
D12;12¼�6:3374647316878056d�8 D15;8¼�0:060707854441402261d0 D18;4¼0:014469260937249902d0
D13;1¼0:024035178364099158d0 D15;9¼0:022163172460071972d0 D18;5¼�0:052868823562666749d0
D13;2¼�0:33511996288598189d0 D15;10¼�0:004385536290694581d0 D18;6¼0:21333416109695102d0
D13;3¼�0:77719249965062054d0 D15;11¼4:9895905469285538d�4 D18;7¼�0:80809452640150636d0
D13;4¼1:6547851227840236d0 D15;12¼�2:7483320646974942d�5 D18;8¼0:0032794907268712007d0
D13;5¼�0:81942145154188328d0 D16;1¼�0:0035154238926503028d0 D18;9¼0:79912442343041246d0
D13;6¼0:32374316200170666d0 D16;2¼0:032627145467311741d0 D18;10¼�0:19984491904967425d0
D13;7¼�0:080342166504192805d0 D16;3¼�0:1441805719128838d0 D18;11¼0:038076865351646491d0
D13;8¼0:010193913461294177d0 D16;4¼0:42454757757811995d0 D18;12¼�0:0035703772476434379d0
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In the interior we have the eighth order accurate central operator

hðD1vÞj ¼
1

280
vj�4 �

4

105
vj�3 þ

1

5
vj�2 �

4

5
vj�1 þ

4

5
vjþ1 �

1

5
vjþ2 þ

4

105
vjþ3 �

1

280
vjþ4:

The discrete difference operator approximating d2

dx2 obeying our wanted SBP property is written

D2 ¼ H�1ð�Aþ BSÞ, where Aþ AT P 0. The interior stencil is the standard eight order accurate central

scheme

h2ðD2vÞj ¼ � 1

560
vj�4 þ

8

315
vj�3 �

1

5
vj�2 þ

8

5
vj�1 �

205

72
vj þ

8

5
vjþ1 �

1

5
vjþ2 þ

8

315
vjþ3 �

1

560
vjþ4:

At the boundary the operator with a sixth order boundary closure becomes
D2ð1; 1Þ ¼ 0:459559486573298D1 D2ð3; 9Þ ¼ �0:3982789723630851D� 1 D2ð6; 5Þ ¼ 0:9837460406594241D0
D2ð1; 2Þ ¼ �0:1737587003697495D2 D2ð3; 10Þ ¼ 0:3613749551360845D� 3 D2ð6; 6Þ ¼ �0:2324548401306039D1
D2ð1; 3Þ ¼ 0:2671554512941234D2 D2ð3; 11Þ ¼ �0:4325584278035533D� 4 D2ð6; 7Þ ¼ 0:1311841356539494D1
D2ð1; 4Þ ¼ �0:182533124810469D2 D2ð3; 12Þ ¼ 0:2504116375844045D� 5 D2ð6; 8Þ ¼ �0:1004519515199941D0
D2ð1; 5Þ ¼ �0:208613717646915D1 D2ð4; 1Þ ¼ 0:413834452956972D� 2 D2ð6; 9Þ ¼ 0:5233628499353206D� 2

D2ð1; 6Þ ¼ 0:1436890974117532D2 D2ð4; 2Þ ¼ �0:9317382863354466D� 1 D2ð6; 10Þ ¼ 0:5458274935095434D� 3

D2ð1; 7Þ ¼ �0:1157334375947655D2 D2ð4; 3Þ ¼ 0:1296278911778636D1 D2ð6; 11Þ ¼ �0:2121077126646392D� 3

D2ð1; 8Þ ¼ 0:4224129963025046D1 D2ð4; 4Þ ¼ �0:2301454617412467D1 D2ð6; 12Þ ¼ 0:9924085355971193D� 5

D2ð1; 9Þ ¼ �0:6155162453781307D0 D2ð4; 5Þ ¼ 0:9496907454250803D0 D2ð7; 1Þ ¼ 0:2798761681044611D� 2

D2ð1; 10Þ ¼ 0:D0 D2ð4; 6Þ ¼ 0:3211654316623705D0 D2ð7; 2Þ ¼ �0:2273831582632708D� 1

D2ð1; 11Þ ¼ 0:D0 D2ð4; 7Þ ¼ �0:2522929099188442D0 D2ð7; 3Þ ¼ 0:7941253606056085D� 1

D2ð1; 12Þ ¼ 0:D0 D2ð4; 8Þ ¼ 0:930043044984534D� 1 D2ð7; 4Þ ¼ �0:1414647886625625D0
D2ð2; 1Þ ¼ 0:7663483674837219D0 D2ð4; 9Þ ¼ �0:1951026759150047D� 1 D2ð7; 5Þ ¼ 0:1676244442372628D� 1

D2ð2; 2Þ ¼ �0:9196803752511684D0 D2ð4; 10Þ ¼ 0:2348749011339006D� 2 D2ð7; 6Þ ¼ 0:1416153480495742D1
D2ð2; 3Þ ¼ �0:842207972743573D0 D2ð4; 11Þ ¼ �0:2039417953611042D� 3 D2ð7; 7Þ ¼ �0:2745855902808057D1
D2ð2; 4Þ ¼ 0:1034353161256694D1 D2ð4; 12Þ ¼ 0:9078446268723169D� 5 D2ð7; 8Þ ¼ 0:1564969049973078D1
D2ð2; 5Þ ¼ 0:9224566003381633D0 D2ð5; 1Þ ¼ 0:9702030996040648D� 2 D2ð7; 9Þ ¼ �0:192894978753717D0
D2ð2; 6Þ ¼ �0:1915904204050834D1 D2ð5; 2Þ ¼ �0:6794130076783107D� 1 D2ð7; 10Þ ¼ 0:2457122826770361D� 1

D2ð2; 7Þ ¼ 0:1358106271667133D1 D2ð5; 3Þ ¼ 0:1333345846555384D0 D2ð7; 11Þ ¼ �0:1709935539582438D� 2

D2ð2; 8Þ ¼ �0:4698818319034839D0 D2ð5; 4Þ ¼ 0:9149526892124103D0 D2ð7; 12Þ ¼ �0:3579311608421833D� 5

D2ð2; 9Þ ¼ 0:6642475553490265D� 1 D2ð5; 5Þ ¼ �0:1957269586741238D1 D2ð8; 1Þ ¼ �0:4040429839128132D� 3

D2ð2; 10Þ ¼ �0:163599150014082D� 4 D2ð5; 6Þ ¼ 0:8452193170274778D0 D2ð8; 2Þ ¼ 0:3282528546989832D� 2

D2ð2; 11Þ ¼ 0:1619270768597741D� 5 D2ð5; 7Þ ¼ 0:2160399635643034D0 D2ð8; 3Þ ¼ �0:117215310517751D� 1

D2ð2; 12Þ ¼ �0:3168732365843903D� 7 D2ð5; 8Þ ¼ �0:1182303495391327D0 D2ð8; 4Þ ¼ 0:2230119016828276D� 1

D2ð3; 1Þ ¼ �0:9930472508132245D� 1 D2ð5; 9Þ ¼ 0:2723622874009121D� 1 D2ð8; 5Þ ¼ �0:589253331879865D� 2

D2ð3; 2Þ ¼ 0:1494543277053003D1 D2ð5; 10Þ ¼ �0:3328174251388732D� 2 D2ð8; 6Þ ¼ �0:1734623416535851D0
D2ð3; 3Þ ¼ �0:317028822529708D1 D2ð5; 11Þ ¼ 0:2983387640521609D� 3 D2ð8; 7Þ ¼ 0:1585367510775726D1
D2ð3; 4Þ ¼ 0:2864206231232483D1 D2ð5; 12Þ ¼ �0:1374166032348747D� 4 D2ð8; 8Þ ¼ �0:2842164305683002D1



D2ð3; 5Þ ¼ �0:2207907708688962D1 D2ð6; 1Þ ¼ �0:7955850076892026D� 2 D2ð8; 9Þ ¼ 0:1598973239836509D1
D2ð3; 6Þ ¼ 0:1847596328819334D1 D2ð6; 2Þ ¼ 0:628530334801436D� 1 D2ð8; 10Þ ¼ �0:199880296017579D0
D2ð3; 7Þ ¼ �0:9882048151539512D0 D2ð6; 3Þ ¼ �0:2054352689917416D0 D2ð8; 11Þ ¼ 0:2538577000496714D� 1

D2ð3; 8Þ ¼ 0:298866911124072D0 D2ð6; 4Þ ¼ 0:2743737688500514D0 D2ð8; 12Þ ¼ �0:1785188623821719D� 2

K. Mattsson, J. Nordstr€om / Journal of Computational Physics 199 (2004) 503–540 539
and with a seventh order boundary derivative operator
BS ¼ 1

h

�ds1 �ds2 �ds3 �ds4 �ds5 �ds6 �ds7 �ds8 �ds9
0

. .
.

0

ds9 ds8 ds7 ds6 ds5 ds4 ds3 ds2 ds1

266664
377775
ds1 ¼ � 26605318914871

10574000000000
ds5 ¼ � 7142764970579

2114800000000

ds2 ¼
16881394988747

2643500000000
ds6 ¼ � 259035026131

2643500000000

ds3 ¼ � 44151764954129

5287000000000
ds7 ¼

5193568357271

5287000000000

ds4 ¼
19479098298429

2643500000000
ds8 ¼ � 1245462146053

2643500000000

ds9 ¼
76749811

1000000000
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